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1. Specification of the two-level model

This chapter focuses on diagnostics for the two-level Hierarchical Linear
Model (HLM). Thismodel, as defined in Chapter 1, is given by

gj:Xj5+zjgj+§j,j:1,...,m, (4.18)

ith
) S (BP0 o)) e
e (€,9;) L (€1 9y) (4.1c)

for al j # £. Thelengths of the vectors y;, 3, and §;, respectively, are n;, r,
and s. Likein all regression-type models, the explanatory variables X and Z
are regarded as fixed variables, which can also be expressed by saying that the
distributions of the random variables e and ¢ are conditional on X and Z. The
random variables € and § are also called the vectors of residuals at levels 1 and
2, respectively. The variables § are also called random slopes.

The standard and most frequently used specification of the covariance ma-
tricesisthat level-oneresiduas arei.i.d., i.e.,

3;(0) = 0L, , (4.1d)

where I, isthe n;-dimensional identity matrix; and that either all elements of
the level-two covariance matrix €2 are free parameters (so one could identify €2
with &), or some of them are constrained to 0 and the others are free parameters.
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Questioning this model specification can be aimed at various aspects. the
choice of variables included in X, the choice of variables for Z, the residuals
having expected value 0, the homogeneity of the covariance matrices across
groups, the specification of the covariance matrices, and the multivariate nor-
mal distributions. These different aspects of the model specification are inter-
twined, however: problems with one may be solved by tinkering with one of
the other aspects, and model misspecification in one respect may lead to con-
sequences in other respects. E.g., unrecognized level-one heteroscedasticity
may lead to a significant random slope variance, which then disappears if the
heteroscedasticity istaken into account; non-linear effects of some variablesin
X, when unrecognized, may show up as heteroscedasticity at level 1 or as a
random slope; and non-zero expected residuals sometimes can be dealt with by
transformations of variablesin X.

This presentation of diagnostic techniques starts with techniques that can be
represented as model checks remaining within the framework of the HLM. This
isfollowed by a section on model checking based on varioustypes of residuals.
An important type of misspecification can reside in non-linearity of the effects
of explanatory variables. The last part of the chapter presents methods to
identify such misspecifications and estimate the non-linear relationships that
may obtain.

2. Model checks within the framework of the
Hierarchical Linear Model

The HLM is itself aready a quite general model, a generalization of the
General Linear Model, which often is used as apoint of departure in modeling
or conceptualizing effects of explanatory on dependent variables. Accordingly,
checking and improving the specification of a multilevel model in many cases
can be carried out while staying within the framework of the multilevel model.
Thisholdsto amuch smaller extent for the OL S regression model. Thissection
treats some examples of model specification checks which do not have direct
parallelsin the OLS regression model.

2.1 Heteroscedasticity

The comprehensive nature of most algorithmsfor estimating the HLM makes
it relatively straightforward to include some possibilities for modeling het-
eroscedagticity, i.e., non-constant variances of the random effects. (This is
sometimesindicated by the term “ complex variation”, which however does not
imply any thought of the imaginary number i = \/—1.)

As an example, the iterated generalized least squares (IGLS) algorithm im-
plemented in MLwWiN [Goldstein, 1995; Goldstein et a., 1998] accomodates
variances depending as linear or quadratic functions of variables. For level-one
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Diagnostic checks for multilevel models 3

heteroscedasticity, thisis carried out formally by writing

where v;; isal x t variable and g?j isat x 1 random vector with

e; ~ N(0,3°0)). (4.2b)
Thisimplies
The standard homoscedastic specification is obtained by letting ¢ = 1 and
Vi = 1.

The IGLS algorithm works only with the expected values and covariance
matrices implied by the model specification, see Goldstein [1995], p. 38—40.
A sufficient condition for model (4.1a-4.1c) to be a meaningful representation
is that (4.3) is nonnegative for all i, j — clearly less restrictive than X being
positive definite. Thereforeit is not required that X° be positive definite, but it
issufficient that (4.3) is positive for all observed v;; . E.g., alevel-onevariance
function depending linearly on v is obtained by defining

20(0) = (Uhk(e))lgh,kgt (44a)
with
Uhl(e) = Ulh(e)zeh h=1,...,t
one(@) = 0 min{h, k} > 2
where @ isat x 1 vector. Quadratic variance functions can be represented by
letting 3° be a symmetric matrix, subject only to a positivity restriction for
(4.3).

In exactly the same way, variance functions for the level-two random effects
depending linearly or quadratically on level-two variables are obtained by in-
cluding these level-two variablesin the matrix Z. The usual interpretation of a
“random slope”’ thenislost, although thisterm continuesto be used in thistype
of model specification.

Giventhat among multilevel model ersrandom slopestend to be more popular
than heteroscedasticity, unrecognized heteroscedasticity may show up in the
form of arandom slope of the same or a correlated variable, which then may
disappear if the heteroscedasticity is modeled. Therefore, when aresearcher is
interested in a random slope of some variable Z;, and thinks to have found a
significant slope variance, it is advisable to test for the following two kinds of
heteroscedasticity: the level-one residual variance may depend (e.g., linearly
or quadratically) on the variable Z;., or the level-two intercept variance may
depend on the cluster mean of Z;, i.e., on the variable defined by

(4.4b)
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Given that one uses software that can implement models with these types of
heteroscedasticity, thisis an easy (and sometimes disconcerting) model check.
Some examples of checking for heteroscedasticity can be found in Goldstein
[1995], Chapter 3, and Snijders and Bosker [1999], Chapter 8.

2.2 Random or fixed coefficients

A basic questionin applying the HLM iswhether arandom coefficient model
isappropriate at all for representing the differences between the level-two units.
Inother words, isit appropriateindeedtotreat thevariablesd ; in (4.1) asrandom
variables, or should they rather be treated as fixed parameters §,?

On a conceptua level, this depends on the purpose of the statistical infer-
ence. If the level-two units j may be regarded as a sample from some popu-
lation (which in some cases will be hypothetical or hard to circumscribe, but
conceptualy meaningful anyway) and the statistical inferenceisdirected at this
population, then a random coefficient model isin principle appropriate. If the
statistical inference aimsonly at the particular set of units j included in the data
set at hand, then afixed effects model isappropriate. If the differences between
the level-two units are a nuisance factor rather than a point of independent
interest, the analysis could be done in principle either way.

On a more practical level, the choice between random and fixed effects
dependsal so onthemodel assumptionsmadefor therandom coefficientsand the
propertiesof the statistical proceduresavail able under thetwo approaches. Such
practical considerationswill be especially important if the differences between
level-two units are a nuisance factor only. The assumptions in model (4.1)
for the random effects § ; are their zero expectations, homogeneous variances,
and normal distributions. The normality of the distributions can be checked to
some extent by plots of residuals (see below). If normality seems untenable,
one could use models with other distributions for the random effects such as
t-distributions (e.g., Seltzer, Wong, and Bryk [1996]) or mixtures of normal
distributions (the heterogeneity model of Verbeke and Lesaffre [1996], also
see Verbeke and Molenberghs [2000]). Homogeneity of the variances is very
close to the assumption that the level-two units are indeed a random sample
from a population; in the preceding section it was discussed how to model
variances depending on level-two variables, which can occur, e.g., if the level-
two units are a sample from a stratified population and the variances depend on
the stratum-defining variables.

To understand the requirement that the means are zero, wefirst focus on the
simplest case of arandomintercept mode!, where Z; contains only the constant
vector with all its n; entries equal to 1, expressed as Z; = 1;. Subsequently
we shall give amore formal treatment of a more general case.
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The level-two random effects 6 ; consist of only one variable, the random
intercept 0. Suppose that the expected value of ¢; is given by

Ed; = z9v

for 1 x u vectors z,; and aregression coefficient -v. Accordingly, 4 iswritten
asd; = z2;v + éj. Note that aterm in 1;E4; whichisalinear combination
of X; will be absorbed into the model term X; 3, so this misspecification is
non-trivial only if 1;2z5; cannot be written as a linear combination X ; A for
some weight matrix A independent of ;.

The question now isin the first place, how the parameter estimates are af -
fected by the incorrectness of the assumption that §; has azero expected value,
corresponding to the omission of the term z,;~ from the model equation.

It is useful to split the variable X; into its cluster mean X; and the within-
cluster deviation variable X; = X; — X;:

X; = X;+ X (4.58)

where -
X; = 1;(1)1;)7 "1 X;. (4.5b)

Then the data-generating model can be written as
gj = X]ﬂ + X]ﬁ + 1295y + 1]‘53' tTE,

for random effectsd ; Which do satisfy the condition that they have zero expected
values.
A biasin the estimation of 3 will be caused by lack of orthogonality of the
matrices - B
Xj = Xj Jer and 1295 .

Since the definition of X; implies that X is orthogonal to 1;z,;, it is clear
that X ; isthe villain of the piece: analogous to the situation of a misspecified
OL S regression model, there will be a bias if Xj’.lszj # @. In words, this
meansthat thelevel-two variabl es z, onwhich the expected value of the random
effects 9, depends, are not orthogonal to the group means collected in X. If
thereis such anon-orthogonality, thereis an obvious solution: extend the fixed
part by giving separate fixed parameters 3; to the group means X and 3, to
the deviation variables X, so that the worki ng model reads
Y, = XjB1+ X;B2+1;0; + ¢

(taking out the zero columnsfrom X ; and X 4, Which are generated by columns
in X; which themselves are within-cluster deviation variables or level-two
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variables, respectively). An equivalent working model is obtained by adding
to (4.1) the fixed effects of the non-constant cluster means X;. In this way,
the bias in the fixed effect estimates due to ignoring the term z,;~y is absorbed
completely by the parameter estimate for 31, and this misspecification does
not affect the unbiasedness of the estimate for 3. The estimate for the level-2
variance Var (d;) will be affected, which isinescapableif thereisno knowledge
about z;, but the estimate for the level-1 variance o will be consistent.

In the practice of multilevel anaysis, it is known that the group means often
have a substantively meaningful interpretation, different from the level-one
variablesfrom which they are calculated (cf. Snijdersand Bosker [1999]). This
often is a substance-matter related rationale for including the group means
among the variables with fixed effects.

It can be concluded that in atwo-level random intercept model, the sensitive
part of the assumption that the level-two random effects have a zero expected
value, is the orthogonality of these expected values to the cluster means of the
variables X with fixed effects. This orthogonality can be tested simply by
testing the effects of these cluster meansincluded as additional variablesin the
fixed part of the model. This can be interpreted as testing the equality between
the within-group regression coefficient and the between-group coefficient. In
economicsthistest — or at least atest with the same purpose —is often referred
to as the Hausman test. (Hausman [1978] proposed a general procedure for
tests of model specification, of which the test for equality of the within-group
and between-group coefficients is an important specia case. Also see Baltagi
[1995], who shows on p. 69 that this case of the Hausman test is equivalent to
testing the effect of the cluster means X .)

In econometrics, the Hausman test for the difference between the within-
group and between-group regression coefficients is often seen as a test for
deciding whether to use arandom or fixed coefficient model for the level-two
residuals ;. The preceding discussion shows that this is slightly beside the
point. If there is a difference between the within-group and between-group
regression coefficients, which is what this Hausman test intends to detect, then
unbiased estimates for the fixed within-group effects can be obtained also with
random coefficient models, provided that the group means of the explanatory
variables are included among the fixed effect variables X . Including the group
meanswill lead to an increase of the number of fixed effectsby at most r, which
normally is much less than the m — 1 fixed effects required for including fixed
main effects of the clusters. Whether or not to use a random coefficient model
depends on other considerations, as discussed earlier in this section.

Now consider thegeneral casethat Z hassomearbitrary positivedimension s.
L et the expected value of thelevel-two random effects § ; in the data-generating
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model be given by
Bd;, = Zyjv,

instead of the assumed value of 0. It may be assumed that Z;Z,; cannot be
expressed as a linear combination X ; A for some matrix A independent of j,
because otherwise the contribution caused by E4 ; could be absorbed into X ;3.

Both X; and y; are split in two terms, the within-cluster projections X ; and
y/; on the linear space spanned by the variables Z;,

X; = 2;(Z;2))"' Z;X; ady; = Z;(Z;Z;) ' Z}y;
and the difference variables
Xj:Xj—Xj and:gj:yj—gjj.
The projection X ; can be regarded as the prediction of X;, produced by the
OLSregression of X; on Z; for cluster j separately, and the samefor y; . The
data-generating model now iswritten as

gj = Xj,@ + ZjZQj")’ + Zjéj +§j s

where again the § ; do have zero expected values.
The distribution of Y, is the multivariate normal

where
V; = oI, + Z;Q(&)Z] . (4.6)

Hence the log-likelihood function of the data-generating model is given by

—1 (logdet(V}) +
J
(yj — XjB — Z;Zov)V; 'y — X;8 - ijzﬂ)) -
Theinverse of V; can be written as[Rao, 1973; Longford, 1993]
Vil =07, - Z;A;Z], 4.7)
for amatrix

Aj = 072(Zi2;) 7 = (2;2;) 7 (0%(2;2) " + Q) (2;2;)
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Thisimplies that
(yj — X8 — Z;Zo)'V;  (yj — X8 — Z; Z2j7y)
= (4; - X;8 - ijzj’Y)IVj_l(?jj — X8 - Z;Z5)
+o 2|y, — X;8]°
where ||.|| denotes the usual Euclidean norm. The log-likelihood is

—1 (log det(Vj) (4.8)
j
+ (g5 — X;8 - ZjZZj'Y)/Vj_l(?jj ~ X8~ Z; Z2j7)
+072g; - X,802)
This shows that the omission from the model of Z;Z,;~v will affect the

estimates only through the term X ;3. 1f now separate fixed parameters are
givento X and X so that the worki ng model is

Yy, = X8+ X;B2+ Z;; + ¢ ,

the bias due to neglecting the term Zy;~ in the expected value of §,; will be
absorbed into the estimate of 31, and 3 will be an unbiased estimate for the
fixed effect of X. The log-likelihood (4.8) shows that the ML and REML
estimates of 3, are equal to the OL S estimate based on the deviation variables
y;, and also equal to the OLS estimate in the model obtained by replacing the
random effects § i by fixed effects.

This discussion shows that in the general case, if one is uncertain about the
validity of the condition that the level-two random effects have zero expected
values, and one wishes to retain a random effects model rather than work with
amodel with alarge number (viz., ms) of fixed effects, it is advisable to add
to the model the fixed effects of the variables

X; = Z,(Z,Z;) Z, X, (4.9)

i.e., the predictions of the variablesin X by within-cluster OL S regression of
X on Z;. The model term Z;E4; will be entirely absorbed into the fixed

effects of X 4, and the estimates of 3, will be unbiased for the corresponding
dements of 3 in (4.1). Depending on the substantive context, there may well
be a meaningful interpretation of the constructed level-two variables (4.9).

3. Residuals

Likeinother regression-typemodels, residualsplay animportant exploratory
role for model checking in multilevel models. For each level there is a set of
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Diagnostic checks for multilevel models 9

residualsand aresidual analysiscan be executed. One of the practical questions
is, whether residual checking should be carried out upward — starting with level
one, then continuing with level two, etc. — or downward — starting from the
highest level and continuing with each subsequent lower level. The literature
containsdifferent kindsof advice. E.g., Bryk and Raudenbush[1992] suggest an
upward approach for model construction, whereas Langford and Lewis[1998]
propose a downward approach for the purpose of outlier inspection. In our
view, the argument given by Hilden-Minton [1995] is convincing: level-one
residuals can be studied unconfounded by the higher-level residuals, but the
reverse is impossible. Therefore, the upward approach is preferable for the
careful checking of model assumptions. However, if one wishesto carry out a
quick check for outliers, adownward approach may be very efficient.

This section first treatsthe ‘internal’ standardization of the residuals. Exter-
nally standardized residuals, al so called deletionresidual's, aretreated in Section
3.5.

3.1 Level-one residuals

In this section we assumethat level-oneresidualsarei.i.d. Residualsat level
one which are unconfounded by the higher-level residuals can be obtained, as
remarked by Hilden-Minton [1995], asthe OL Sresiduals cal culated separately
within each level-two cluster. Thesewill be called here the OL S within-cluster
residuals. Consider again model (4.1) with the further specification (4.1d).
When X is the matrix containing all non-redundant columnsin (X; Z;) and
P; isthe corresponding projection matrix (the "Hat matrix")

P = X;(X;X;) " X},
the OL S within-cluster residuals are given by

éj = (Inj _PJ)QJ

The model definition implies that

éj = (In]- _-F)j)§j7

(4.10)
which shows that indeed these residuals depend only on the level-one residual s
€; without confounding by the level-two residuals g ;.

These level-one residuals can be used for two main purposes. In the first
place, for investigating the specification of the within-cluster moddl, i.e., the
choice of the explanatory variables contained in X and Z. Linearity of the
dependence on these variables can be checked by plotting the residuals ¢;
against thevariablesin X and Z. The presence of outliersand potential effects
of omitted but available variables can be studied analogously.
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In the second place, the homoscedasti city assumption (4.1d) can be checked.
Equation (4.10) impliesthat, if the model assumptions are correct,
where h;; isthe i’th diagonal element of the hat matrix P; . Thisimplies that
the * semi-standardized residuals

€ij

have a normal distribution with mean 0 and variance o2. For checking ho-
moscedasticity, the squared semi-standardized residuals can be plotted against
explanatory variables or in a meaningful order. Thisisinformative only under
the assumption that the expected value of the residualsisindeed 0. Therefore
these heteroscedasticity checks should be performed only after having ascer-
tained the linear dependence of the fixed part on the explanatory variables.

To check linearity and homoscedasticity as a function of explanatory vari-
ables, if the plot of the residualsjust shows a seemingly chaotic mass of scatter,
it often is helpful to smooth the plots of residuals against explanatory vari-
ables, e.g., by moving averages or by spline smoothers. We find it particularly
helpful to use smoothing splines (e.g., Green and Silverman [1994]), choos-
ing the smoothing parameter so as to minimize the cross-validatory estimated
prediction error.

If there is evidence of inhomogeneity of level-one variances, the level-one
model is in doubt and attempts to improve it are in order. The anaysis of
level-oneresiduals might suggest non-linear transformations of the explanatory
variables, as discussed in the second half of this chapter, or a heteroscedastic
level-one model. Another possibility is to apply a non-linear transformation
to the dependent variable. Atkinson [1985] has an illuminating discussion of
non-linear transformations of the dependent variable in single-level regression
models. Hodges [1998], p. 506, discusses Box-Cox transformations for multi-
level models.

Example 3.1. As an example, consider the data set provided with the MLwiN
software [Goldstein et al., 1998] in the worksheet t ut ori al . ws. Thisin-
cludes data for 4059 studentsin 65 schools; we use the normalized exam score
(nor mexam (mean 0, variance 1) as the dependent variable and only the
standardized reading test (st andl rt) as an explanatory variable. The two
mentioned uses of the OLS level-1 residuals will beillustrated.

When the OL S within-cluster residuals are plotted against the explanatory
variablest andl rt , an unilluminating cloud of pointsis produced. Therefore
only the smoothing spline approximating theseresidualsisplottedin Figure4.1.
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Model 1 Model 2 Model 3
Fixed part
constantterm  0.002 (.040) -0.017 (.041) -0.017 (.041)
standl rt 0563 (.012) 0.604 (.021) 0.605 (.021)
standl rt? 0.017 (.009) 0.017 (.008)
standlrt? -0.013 (.005) -0.013 (.005)
Random part
Level 2 w17 0092 (018 0.093 (.018) 0.095 (.019)
Level 1: o2 0566 (.013) 0564 (.013) 0564 (.013)
Level 1: o7 -0.014  (.006)
deviance 9357.2 9346.2 9341.4
T T T
0.20 - -
Y 0.00 -
-0.20 - -
| | |
-2.50 0.00 2.50
standlrt
Figure 4.1.  Smoothing splineapproximation for OL Swithin-cluster residual s (y) under Model

1 against standardized reading test (st andl r t).

This figure shows a smooth curve suggestive of a cubic polynomial. The
shape of the curve suggests to include the square and cube of st andl rt as
extra explanatory variables. The resulting model estimates are presented as
Model 2in Table 3.1. Indeed the model improvement issignificant (x? = 11.0,
d.f. =2, p < .005).

Asacheck of thelevel-onehomoscedasticity, the semi-standardized residuals
(4.11) are calculated for Model 2. The smoothing spline approximating the
squared semi-standardizedresidualsisplottedagainst st andl rt inFigure4.2.

This figure suggests that the |evel-one variance decreases linearly with the
explanatory variable. A model with this specification,

Var (¢;;) = o® +oistandlrt;,
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0.65 - -
Y055 - b
0.45 - -
| | |
-2.50 0.00 2.50
standlrt

Figure 4.2. Smoothing spline approximation for squared semi-standardized OLS within-
cluster residuals (y) under Model 2 against standardized reading test (st andl rt).

is presented as Model 3 in Table 3.1. The heteroscedasticity is a significant
mode! improvement (y? = 4.8, d.f. =1, p < .05).

3.2 Homogeneity of variance across clusters

The OL Swithin-cluster residuals can also be used in atest of the assumption
that the level-one variance isthe same in al level-two units against the specific
aternative hypothesis that the level-one variance varies across the level-two
units. Formally, this means that the null hypothesis (4.1d) is tested against the
aternative

%;(0) = 071y,

where the o are unspecified and not identical.

Indicating the rank of X; defined in Section 3.1 by r;, the within-cluster
residual varianceis

nj—rj

If model (4.1d) is correct, (n; — r;)s?/o* has a chi-squared distribution on
(n; — r;) degrees of freedom. The homogeneity test of Bartlett and Kendall
[1946] can be applied here (it is proposed also in Bryk and Raudenbush [1992],
p. 208, and Snijdersand Bosker [1999], p. 127). Denoting) " n; =n, > rj =
T and

1

ny —ry

> (0 —1j)In(s?), (4.12)

J

Z_Spooled =
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the test statistic is given by

Ns — T
H= Z ’ ) ’ (ln(ﬁi) _Z—Spooled)2- (4.13)
J

Under the null hypothesis this statistic has approximately a chi-squared distri-
bution onm — 1 degrees of freedom, where m isthe number of clustersincluded
in the summation (this could be less than m because some small clusters might
be skipped).

This chi-squared approximation is valid if the degrees of freedom n; — r;
are large enough. If this approximation isin doubt, a Monte Carlo test can be
used. Thistest is based on the property that, under the null hypothesis, (n; —
r;)s3 /o has an exact chi-squared distribution, and the unknown parameter o
does not affect the distribution of H because its contribution in (4.13) cancels
out. Thisimpliesthat under the null hypothesis the distribution of A does not
depend on any unknown parameters, and arandom sample from itsdistribution
can be generated by randomly drawing random variables g? from chi-squared
distributions on (n; — ;) d.f. and applying formulae (4.12, 4.13) to §§ =
g?/(nj—rj). By simulating asufficiently large samplefromthenull distribution
of H, the p-value of an observed value can be approximated to any desired
precision.

3.3 Level-two residuals

There are two main ways for predicting! the level-two residuals d;: the
OLS method (based on treating them as fixed effects 4;) and the empirical
Bayes (EB) method. The empirical Bayes ‘estimate’ of §; can be defined as
its conditional expected value given the observationsy ...,y , pluggingin
the parameter estimates for 3, 0, and £&. (In the name, ‘Bayes refers to the
conditional expectation and ‘empirical’ to plugging in the estimates.)

Theadvantage of the EB methodisthat itismoreprecise, but the disadvantage
is its stronger dependence on the model assumptions. The two approaches
were compared by Waternaux et a. [1989] and Hilden-Minton [1995]. Their
conclusion was that, provided the level-one model (i.e., the assumptions about
the level-one predictorsincluded in X' and about the level-one residualse;) is
adequate, it is advisable to use the EB estimates.

ITraditional statistical terminology isto reservetheword  estimation’ for empirical waysto obtain reasonable
values for parameters, and use ‘prediction’ for ways to empirically approximate unobserved outcomes of
random variables. We shall not consequently respect this terminology, since almost everybody writes about
estimation of residuals.
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Basic properties of the multivariate normal distribution imply that the EB
level-two residuals are given by

d; = E{§;|y,, ...y, } (using parameter estimates 3,0, €)
- azjv;' (y, - X,8,) (4.14)
= QZV;" (2,5, +¢; - X,(B- )

where

= Cov(y) = 2,07+, (4.15)

= Z,QZ,+3;, (4.16)

< <

J

with @ = Q(§) and X, = 3;(9).
Some more insight into the properties of these estimated residuals may be
obtained by defining the estimated reliability matrix
- A ~—1
R, = QZ}V; 7;.
This matrix is the multivariate generalization of the reliability of estimation of
qu, the ratio of the true variance of qu to the variance of its OLS estimator
based on cluster j (not taking into account the component of variability due to
the estimation of 3), as defined by Bryk and Raudenbush [1992], p. 43.
The EB residuals can be expressed as

- . A L1
éj = Ejéj + QZ}Zj € (4-17)
~ A —1 ~
*QZ;'KJ' X](Q - 5) :

Thefirst term can be regarded as a shrinkage transform of 4 ;; the second term
is the confounding due to the level-one residuals ¢;; and the third term is the
contribution due to the estimation of the fixed parameters 3.

The covariance matrix of the EB residualsis

Cov (8;) = QZ/V, ! (V; - X, (Y XivX) 1X§> V'z0.
(=1
(4.18)
The second term in the large parentheses is due to the third term in (4.17) and
will be negligible if the number m of clustersislarge. The resulting simpler
expressionis
Cov(8;) =~ QZ}V; ' Z,Q. (4.19)
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Another relevant covariance matrix contains the variances and covariances
of the prediction errors. The same approximation leading to (4.19) yields

Cov (§; - 8;) ~Q - QZ}V, ' Z,Q. (4.20)

The variances in (4.18) and (4.19) are relevant for diagnosing properties of
the residuals §,; and are called by Goldstein [1995] diagnostic variances. The
variances in (4.20) are relevant for comparing residuals §, and are called by
Goldstein [1995] comparative (or conditional) variances.

It may be noted that the predictions & ; are necessarily uncorrelated with the

A~

errors (8, — 4;), because otherwise a better prediction could be made. This
implies

Cov (8;) = Cov(8; — ;) +Cov (§;) ,
which indeed is evident from the formul ae.

For each of the s level-two random effects separately, various diagnostic
plots can be made. The explanation of the level-two random effects by level-
two variables, as reflected by the fixed main effects of level-two variables and
their cross-level interaction effects with the variables contained in Z, can be
diagnosed for linearity by plots of the raw residuals ¢; against the level-two
explanatory variables. The normality and homoscedasticity assumptions for
4, can be checked by normal probability plots for the s residuals separately,
standardized by dividing them by the diagnostic standard deviations obtained as
thesquarerootsof thediagonal elementsof (4.18) or (4.19), and by plottingthese
standardized residuals against the level-two variables. Examples are given in
Goldstein [1995], Snijders and Bosker [1999], and Lewisand Langford [2001].

A diagnostic for the entire vector of level-two residuals for cluster j can be
based on the standardized value

5o} 5, (4.21)

If one neglectsthe fact that the estimated rather than the true covariance matrix

is used, this statistic has a chi-squared distribution on s degrees of freedom.
With some calculations, using formula (4.7) and using the approximate co-

variance matrix (4.19), the standardized value (4.21) is seen to be given by

-1 ~(oLSy -1 .(0Lsg)

s{Covd)} b~ 877 (*(2j2) ' +0) b (4.22)

J =J J

where oL
R . R
éj = (ZJ,'ZJ') Z} <QJ - ngj)

is the OLS estimate of §;, estimated from the residuals Y, — Xjéj. This
illustrates that the standardized value can be based on the OLS residuals as
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well asthe EB residuals, if one uses for standardization the covariance matrix
62(Z§Zj)‘1 + © of which the first part is the sampling variance (level-one
variance) and the second part the true variance (level-two variance) of the OLS
residuals. The name of standardized level-two residual therefore is more ap-
propriate for (4.22) than the name of standardized EB or OLS residual, since
the latter terminology suggests a non-existing distinction.

The ordered standardized level-two residual s can be plotted against the cor-
responding quantiles of the chi-sguared distribution on s d.f., as a check for
outliers and for the multivariate normality of the level-two random effects.

3.4 Multivariate residuals

The fit of the model for level-two cluster j is expressed by the multivariate
residual X
Y~ X;B. (4.23)

The covqriance matrix of thisresidual, if we neglect the use of the estimated pa-
rameter 3 instead of theunknowntrue 3, isgiven by V; in (4.15). Accordingly,
the standardized multivariate residual is defined by

= (o, 28) ¥ (o, %)

Thisresidual has, when the model is correct, approximately a chi-squared dis-
tribution on n; degrees of freedom.

If all variables with fixed effects also have random effects, then X; = Z; =
Xj as defined in Section 3.1, and r; = r = s. Using (4.7), it can be proved
that in this case

, TR
M = (n = 1)+ si{covsy} 4.

(4.24)

in words, the standardized multivariate residua (withn; d.f.) isthe sum of the
within-cluster residual sum of squares (with n; — r d.f.) and the standardized
level-two residual (with » = s d.f.). If some of the variables with fixed effects
do not have a random effect, then the difference between the left-hand side
and the right-hand side of (4.24) is a test statistic for the null hypothesis that
the variables in Z; indeed have the effect expressed by the overall parameter
estimate 3, i.e., the hypothesis that the variablesin Z and not in X have only
fixed (and not random) effects. Thisthen approximately isachi-squared variate
onr; —rdf.

This split implies that if the standardized multivariate residual for some
cluster j is unexpectedly large, it will be informative to consider its two (or
three) components and investigate whether the high value can be traced to one
of these components separately.
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Diagnostic checks for multilevel models 17

3.5 Deletion residuals

To assess the fit of the model and the possibility of outliers, it is better to
calculate and standardize residuals for cluster j using parameter estimates of
B and V; calculated on the basis of the data set form which cluster ;j has been
omitted. Such measures are called externally studentized residuals [Cook and
Welisberg, 1982] or deletion residuals [Atkinson, 1985]. This means using the
fixed parameter estimate @ -3) obtained by estimating 3 from the data set from

which cluster j has been omitted; and estimating (4.15) by
Vi = ZiQZ; + By, (4.25)

where Q) = Q(& ;) and 3 = %;(6;)), while§ _ and ;) arethe
estimates of £ and 6 based on the data set from which cluster j hasbeen omitted.
Using these ingredients, the deletion standardized multivariate residual is

defined by
2 . B y [N | F
M7 = <yj Xjﬁ(_j)> Vi (yj —XJ,@(_]_)). (4.26)

The deletion standardized level-two residual (for a model where 3;(0) =
o*1I,,) is defined by

~(OLS) /.o 1A -1 . (oLs)
55 (625)(Z2) 7 + ) 83 (4.27)

where ©LS
. . .
3oy = (2,2)72) (v, - X,B..,))

and Q%_ ) isthe estimate for o2 calculated from the data set from which cluster
j was omitted.

The general idea of model diagnosticsisthat they should be easy, or at least
quick, tocompute. Re-estimation of amultilevel model for alot of different data
sets, asimplied by the definition of deletion residuals, isnot very attractivefrom
this point of view. Two alternatives to full computation have been proposed
in the literature: Lesaffre and Verbeke [1998] proposed influence statistics
using an analytic approximation based on second-order Taylor expansions, and
Snijders and Bosker [1999] proposed a computational approximation based on
aone-step estimator. The latter approximation will be followed here because
of its simple generalizability to other situations. This approximation is defined
asfollows.

An iterative estimation algorithm is used, viz., Fisher scoring or (R)IGLS.
The initial value for the estimation algorithm is the estimate obtained from
the full data set. The one-step estimate is the result of a single step of the
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algorithm, using the data set reduced by omitting all data for cluster j. Itis
known from general statistical theory that such one-step estimates are asymp-
totically efficient. They can be quickly estimated by software that implements
Fisher scoring or (R)IGLS. Therefore, all estimates denoted here with the suffix
(-7) can be implemented as such one-step estimates obtained with the full-data
estimate as the initial value.

4. Influence diagnostics of higher-level units

Next to the direct study of residuals as proposed in the previous section,
another approach to model checking isto investigate theinfluence of individual
data points, or sets of data points, on the parameter estimates. In OLS regres-
sion, the most widely known technique in this approach is Cook’s distance,
explained, e.g., in Cook and Weisberg [1982] and Atkinson [1985]. A natural
way of performing such checksin multilevel modelsis to investigate the sepa-
rate influence of each higher-level unit. This means that the estimates obtained
from the total data set are compared to the estimates obtained from the data set
from which a particular higher-level unit is omitted.

An influence measure of level-two unit j on the estimation of the parameters
should reflect the importance of the influence of the data for this unit on the
parameter estimates. First consider the regression coefficients 3. Recall that B

is the estimate obtained from the full data set, and @ -3) the estimate obtained

fromthe dataset fromwhich unit j hasbeen omitted, or an approximationtothis
estimate. The difference between thesetwo estimates should be standardized on
the basisof theinherent imprecision expressed by the covariance matrix of these
estimates. In Lesaffre and Verbeke [1998] and Snijders and Bosker [1999] it
was proposed to use the estimated covariance matrix of the estimates obtained
from the full data set. Since the diagnostic measure has the aim to detect
unduly influential units, it should be taken into account, however, that the unit
under scrutiny also might have an undue influence on this estimated covariance
matrix. Thereforeit is more appropriate to use the estimated covariance matrix
of the estimate obtained from the reduced data set. It may be noted that the
computation of this matrix is straightforward in the computational approach of
Snijders and Bosker [1999], but does not fit well in the analytic approach of
L esaffre and Verbeke [1998].

Denoteby S 1 ;, the estimated covariance matrix of 3 (-;, ascalculated from

the data set from which level-two unit j has been omitted. Then a standardized
measure of the influence of this unit on the fixed parameter estimatesis

=1 (8-8,) 850 (-8,) @M

This formula has the same shape as Cook’s distance.
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For the parameters @ and £ of the random part of the model, the same pro-
cedure can befollowed. Indicating these parametersjointly by n = (6, £), this
leads to the influence measure

1 I s -1
R __ ~ ” ~ ”

% =5 (2 p)) Shien (2 1) (4.29)
where the analogous definitions are used for 7 5 and S R(-j)» ad p isthetotal
number of parametersin n. Sincethe parameters of the fixed and random parts
areasymptotically uncorrelated [ L ongford, 1987], thesetwoinfluence measures
can be combined in the overall influence measure

1
= 35 G T rC). (4.30)

=9 r

The influence of a part of the data set on the parameter estimates depends
on the fit of the model to this part of the data together with the leverage of
this part, i.e., its potential to influence the parameters as determined from the
amount of data and the distribution of the explanatory variables X and Z. For
a level-two unit, its size n; and the distribution of X ; and Z; determine the
leverage. The fit can be measured by the deletion standardized multivariate
residual (4.26). A poorly fitting group with small leverage will not do much
damage to the results of the data analysis. If the model fits well, there are no
systematic differences between the clusters in the distribution of X; and Z;,
and the n; are small comparedto ) o the diagnostics (4.28-4.30) will have
expected valueswhich areroughly proportional to the cluster sizesn;. A plot of
these diagnostics against n; may draw the attention toward clustersthat have an
undueinfluence on the parameter estimates. Thisinformation can be combined
with the p-values for the deletion standardized multivariate residuals (4.26)
obtained from the chi-squared distribution on n; degrees of freedom, which
give information on the fit of the clusters independently of their leverage.

5. Non-linear transformations in the fixed part

In the preceding sections, various types of residuals were used to investigate
possible non-linear effects of explanatory variables. The guidance provided by
these methods was of an informal nature, as the non-linearity was not included
in the model on which the residuals were based. The remainder of this chapter
presents methods that can be used to estimate and test non-linear fixed effects
of explanatory variablesin amore formalized way.

We consider multilevel models for analyzing the effect of a predictor X
on a response variable y under the assumption that this effect is a non-linear
function f (z) with anunknown functional form. Thelatter situationiscommon
in longitudinal studies, for example, since the effect of time 2 on y is usualy
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complex and not well understood. Then it seems sensible to approximate f ()
by aflexible function that does not require prior knowledge about f(z) but still
provides insight into the dependence between y and .

In the following sections, we will successively discuss multilevel modelsin
which anon-linear function f(x) is approximated by a polynomial function, a
regression spline, and asmoothing spline. Asaguiding model inthediscussion,
we will use a two-level model for normal responses. Since longitudinal data
offer the main (but not only) applications of this approach, clusters will be
regarded as individual subjects, and level-1 units as repeated measurements of
the subjects.

We assume that y;; is the i-th response of subject j (i = 1,...,n;;j =
1,...,J) andis generated according to the model

r s
QZ:f(3323)+szgkﬂk+zzzgké]k+§”7 izla--'vnj> J=1...,J,

’ k=1 k=1

(4.30)
where z;;, w;jk, and z;;;, are predictors, 3y, are fixed effects, ¢,; are normally
distributed random effects, ande; jae independent normal measurement errors.
Thefunction f(x) isdefined on all possiblevaluesof x, not only onthe observed
values z;;. Finally, we assume that there are T distinct values of x;;, denoted
by x1,...,xp inincreasing order. The difference with respect to model (4.1)
isthat the fixed part is split into, first, areal-valued variable x with anon-linear
effect, and second, R variables w;, with linear effects.

6. Polynomial model

The polynomia model for multilevel data was proposed by many authors
including Goldstein [1986], Bryk and Raudenbush [1987], and Snijders[1996].
The use of a polynomial approximation seems quite natural since it can be
regarded as a Taylor expansion of the true unknown function. The @Q-th degree
polynomial equals

fpol(ﬂf) :Oéo+041x+-~—|—aQacQ.

The smoothness of fuo () is controlled by the degree Q. This is a linear
family of functions, and therefore this model remains within the confines of
the Hierarchical Linear Model, and can be estimated straighforwardly like any
other such model. Another strong feature of the polynomia model is that the
regression coefficients can be interpreted as growth parameterswhich often are
of substantive interest. The effect a1, for instance, can be interpreted as the
average rate of changein x = 0 which sometimes is a useful parameter of a
growth process. Besides, the number of parameters does not depend on the size
of the data set, so that the polynomia model is easy to estimate even when the
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number of distinct points T is very large. However, estimation problems may
ariseif z isbadly scaled. Thenitisadvisableto rescalex by centering x around
the average of observed x-values or by orthogonalizing the design matrix of the
polynomial functions.

Thefunction f(x) isnot alwayswell approximated by alow-degree polyno-
mial, however. In human growth studies, for instance, polynomials may fail to
produce a smooth and accurate fit when modelling adolescent growth spurts or
growth during the first year of age [Berkey and Kent, 1983]. Besides, a poly-
nomial may exhibit non-local behavior. This means that changing one of the
regression coefficients o, leadsto changesin the estimated fyo () for all values
of x. A consequence is that when the fit at a certain value of x is improved
by increasing @, the fit may become poorer at other values of x. In genera, a
polynomial with alarge value of () fits accurately in intervals of 2 with many
observations but may fit poorly at other values of z.

7. Regression spline model

A regression spline or piecewise polynomial [Wold, 1974] is defined asfol-
lows. A number of knots, denoted by a1, . .., ays, are defined on the interval
where x isobserved. At each knot, two Q-th degree polynomials are connected
such that the () — 1'th derivative of the resulting functioniscontinuous. A cubic
regression spline, for instance, consistsof piecesof cubic polynomial functions,
itssecond derivative being constrained to be continuousat the knots. Regression
splines are more flexible than polynomials and may produce a more accurate
fit with less parameters. The reason is that because of the knots, the regression
spline is better able to capture local changesin the value of f(x). Regression
splines are aso, however, more difficult to specify than polynomials. Beside
choosing the degree Q), fitting aregression spline invol ves choosing the number
of knots M and the positions of the knots. For selecting M, an ad hoc approach
can be adopted inwhich M isincreased until an accuratefitisobtained. A more
formal approach isto maximize a model summary like Akaike's Information
Criterion (AIC) or the cross-validated log-likelihood [Rice and Wu, 2001]. The
knots are often positioned at equally spaced points, or at quantile points of the
distribution of z.

A Q'th degree regression spline can be constructed by extending a Q'th
degree polynomia with (M — 1) truncated polynomial terms (z — 0)3 , these
termsbeing equal to (z—c)? if z > cand zero otherwise. Thisfunction freq()
can be written as

Q M
o) =3 gt + 3 agene - am)?.
q=0 m=1
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This representation is simple to understand and the «,,’s have a clear interpre-
tation. It shows that, given that the knots are fixed, thisaso is alinear family
of functions and therefore easy to handle, as it remains within the HLM fam-
ily. However, for numerical reasons, the use of truncated polynomials is not
recommendable in practical modelling, especially not when the knotslie close
together. It often is better to work with a different set of basis functions. If
Jreg() containsoneknot only, wemay replacetheterm x4 by theterm (x —aq )~
which equals (x — a1)? if x < a1 and 0 otherwise [Snijders and Bosker, 1999],
p. 189. Note that data columns of values of (z — a;)? and (z — a;1)% are
orthogonal. If freg() isacubic regression spline, it isrecommendable to write
freg(z) as alinear combination of B-splines, which are themselves piecewise
cubic splines that take nonzero values over an interval with at most five knots
[de Boor, 1978].

Theregression splineismoreflexiblethan the polynomial and tendsto exhibit
less non-local behavior. The nodes, however, are non-linear parameters and
good node placement may require sometrial and error. Further, if only asmall
number of knots are used, the regression spline will not be free from non-local
behavior while using too many knotsisundesirable sinceit induces non-smooth
behavior. To prevent the spline from being either non-smooth or insufficiently
flexible, one can include alarge number of knots and at the same time penalize
the regression coefficients such that a smooth fit is obtained [Eilers and Marx,
1996]. A limiting case isafunction in which aknot is placed at each observed
distinct value of . By using as many knots as distinct data points, non-local
behavior is avoided. Splines of this type will be discussed in the next section.

8. Smoothing spline model

The cubic smoothing spline, denoted by fess(), isacubic regression spline
with aknot at the ordered observed distinct values x1, . . ., z7 and constrained
to be linear for values beyond the boundary knots z; and xr. The degree of
smoothnessis regulated by aroughness penalty defined as

—3A / ) Y (4.32)

0
where A is a nonnegative smoothing parameter determining the degree of
smoothing, zp < x1, and zpy11 > xp. This pendty reflects roughness in
an intuitively appealing way: smooth functions tend to have low absolute cur-
vature meaning that the value of the second derivative f”(z) is close to zero
over the interval of observed x.

The following basic properties of smoothing splines can be found in the
literature on this topic, such as Green and Silverman [1994]. The fitted cu-
bic smoothing spline is obtained by maximizing the penalized log-likelihood,
i.e., the sum of the log-likelihood and the roughness penalty. An additional
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constraint to ensure that f(x) is a cubic smoothing spline does not have to
be included because among all functions f (x) with continuous second deriva-
tives, the unique minimizer of the penalized log-likelihood isacubic smoothing
spline. If we substitute the cubic smoothing spline fess(z) in the roughness
penalty, we can simplify (4.32) to

_%)‘fl{;&K‘f&v

where fess IS the vector of values of fess() at the distinct points z1, . .., z7.
TheT x T matrix K equals

K=QR'Q,
where Q isaT x (T — 2) matrix having entries ¢;+1; = 1/(ziy1 — z4),
Gi-14 = /(i — w-1), Gig = —(qi—14 + qiv14) fori =2,..., 7 — 1, and
zero otherwise. The (7' — 2) x (T — 2) matrix R issymmetric tridiagonal with
diagonal entriesr;; = 1(wi11 — @) + 5 (vipo — wig1) fori=1,..., 7 — 2.
The non-zero off-diagonal entries are r; ;41 = rit1, = %(Z’H_Q — x;41) for
i=1,...,T—3.

8.1 Estimation

We discuss the Expectation Maximization (EM) algorithm [Dempster et d.,
1977] and the Restricted I terative Generalized L east Squares(RIGL S) algorithm
[Goldstein, 1989]. Themodel parametersto be estimated arethevector of spline
values fess, the vector of other fixed regression coefficients 3, the level-one
variance o2, and the level-two variance parameters €.

EM algorithm. The EM algorithm consists of an E-step and an M-
step. In the E-step, we define the complete-data log likelihood, i.e. the log
joint density function of responses y and the vector of random coefficients o
(treated in this algorithm as missing data), and maximize it conditional on y.
The complete-data log likelihood is given by

Iogp(y75|f08375702a£)
= logp (y|fess; B,0°,8) + logp(8[€)

=1 Z {nj log(c?)
J
- (yj - Njfcss - WjIB - Zj(sj),(yj - Njfcss - WJ/B - Zj(sj)/UQ
+ logdet(€2(€)) — 8 (2(€)) ', }

with IN; ann; x T matrix of zerosand ones. Each row of IN; containsasingle
one at theentry ¢ for which z;; = ;.
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In the M-step, we maximize the sum of the expected complete-data log
likelihood and the roughness penalty with respect to the model parameters fes,
B, 0%, and €. TheM-step iscomputationally expensiveif the number of distinct
time points 7" islarge. Then it is better to update the estimates of f.s; and 3
sequentially. If maximize the penalized function with respect to f.ss only, we
obtain the updated estimate

N

fcss = (Z(NJIN]) + &2/\K>_1 Z(yj - leé - Zj j) )

J J

where §; are EB level-two residuals and the current estimates are filled in for
B and 52. Analogously, if we maximize with respect to 3 only, we obtain

. -1 . .
B= (Z VVJ/W/J) > (yj = Njfess — Z;6)) .
J J

The two steps are computationally cheap: to update the estimates of f..s and
3, c1T numerical operations are required, whereas joint maximization of f.s
and 3 requires coT3 numerical operations (c; and ¢y are constants). This
algorithm where the M-step is replaced by two sequential steps is known as
the EC(onditional)M algorithm [Meng and Rubin, 1993]. The two sequential
steps can be regarded as backfitting steps as described by Hastie and Tibshirani
[1990], p. 91.

RIGLS estimation. We reformulate model (4.31) as a two-level
model with crossed random effects and estimate the parameters by therestricted
maximum likelihood (REML) method (Speed [1991]; Wang [1998]; Zhang
et al. [1998]). To derive the crossed effects model, we write f(x;;) in (4.31) as

f(zig) =0 +nzi; + NyQ(Q'Q)'Lé (4.33)

where vy and v, are scalars, § isan (T — 2) x 1 vector, L satisfies LL' = R,
and N;; isan 1 x T incidence row vector of 7" — 1 zeros and a single value
1 at the entry ¢ for which z;; equals x; [Green, 1987]. We substitute (4.33)
in model (4.31) and assume that ~, and ~, are fixed effects and é is anormal
crossed random effect with mean zero and covariance matrix (1/A)Ir.
Thismodel can be estimated by means of the RIGL S algorithm implemented
in software packageslike MLwiN [Goldstein et al ., 1998] and SAS[Littell etal.,
1996]. Anestimate of f.sisobtained by substituting the (restricted) maximum
likelihood estimates of -, and v, and theempirical Bayesestimateof § in (4.33).
This estimator is the best linear unbiased predictor (BLUP) as noted by Speed
[1991] and aso isthe maximizer of the penalized log-likelihood.
Theformulation of the crossed effectsmodel isattractive becauseit allowsus
to estimate fcss USing existing software. However, since the number of crossed
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random effectsis equal to T — 2, the estimation is numerically demanding if
therearemany distinct points. Inthat case, the ECM algorithmispreferable. We
further note that the crossed effects model isuseful for computational purposes,
but is not arealistic description of how the data are generated. For instance, the
presence of crossed random effects suggests that measurements from different
subjects are correlated, but this often is not a plausible assumption.

8.2 Inferences

A common approach to drawing inferencesisto construct a pointwise correct
confidence interval around the estimator S Thisrequires an estimate for the

variance of zm(m) for each x, which can be calculated from the crossed effects

model. If the crossed effects model is postul ated, the covariance matrix of i ess
equals

Cov (f o) = Cov (3per +4,2 + QQ'Q)'L8) . (4.34)

wherecp isaT' x 1 vector of ones. We seefrom (4.34) that we have an estimator
of Cov (f ) once we have an estimate for the covariance matrix of 4, 4,
and &. Several estimators exist for the variance of §. If we usethe comparative
variance (4.20), the estimator of Cov (f ) has anice Bayesian interpretation:

it is equal to the posterior variance of LSS under a Bayesian model with a
Gaussian process prior for f that is improper with respect to intercept and
dope (Wang [1998]; Zhang et al. [1998]). This model was put forward by
Wahba [1983] and serves as a Bayesian justification for the use of roughness
penalties. In some software packages such as MLwiN, the covariance between
4 and (94:7,) cannot be easily estimated. However, the design matrices for
(70,71) and & are orthogonal if the points at which the measurements are taken
arecommonto all subjects. Therefore, the precision of the estimator of Cov (i)
isingeneral not substantially affected by theomission of the covariance between
@0’ 11) and .
The Bayesian covariance matrix of }CSS can also be written in the following
simpleform N
Covg (f, ) = (U+IK)™", (4.35)

where
-1
U= L NVIIN - NV (S XYX) X,

with V; givenin (4.6) and IV; defined asthe matrix with rows N;;. Besidesthe
Bayesian covariance matrix, afreguentist covariance matrix can be obtained as
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well if we assume that f. isan unknown fixed function and Cov (ﬂj) =V;.
The covariance matrix then is given by

Covp (f ) = (U+AK)'U (U +AK)™*. (4.36)

—CsS

Zhang et al. [1998] and Lin and Zhang [1999] compare the two estimatorsin
asimulation study in which afixed nonparametric function f(x) is postul ated.
The main conclusion in these studies is that both estimators are accurate but
that the Bayesian estimator performs slightly better.

Inferences can also be made by performing a likelihood ratio or F'-test to
examine, for instance, whether a model with smoothing spline f(x) fits better
than amodel with alinear effect for x. Hastieand Tibshirani [1993] (p. 65) pro-
vide some approximate F'-tests based on residual sums of squares and Cantoni
and Hastie [2002] present an exact but more expensive test.

A third test against alinear effect of X isthe score test for Hy : +; = 0 for
model (4.33) under the additional assumptionthat theeffectisindeedlinear (6 =
0). Thistest was considered in Guo [2002]. The score test is computationally
cheap because REML estimates of the alternative model are not required. The
test is based on the one-step REML estimator that is obtained when we start
from the estimate of the null model. The ratio of the one-step estimator to its
standard error has an asymptotic standard normal null distribution. The score
test has good power properties also in a small sample setting [Berkhof and
Snijders, 2002b]. For testing against an unspecified but monotone effect of X,
thistest against alinear effect may be expected to have good power also against
most non-linear effects.

8.3 Smoothing parameter selection

Several methods exist for selecting the smoothing parameter \. In this sec-
tion, three are discussed. The first method is to maximize the cross-validated
log-likelihood as a function of A. The cross-validated log-likelihood is an ap-
proximation to the expected predictive log-likelihood which is the expected
log-likelihood of a new vector of observations y* at the penalized likelihood

estimators of themodel parameters f_, 8, o2, and €. Theprediction processis
imitated by leaving out one subject at atime and predicting the omitted subject
on the basis of the other subjects’ data[Rice and Silverman, 1991].

A drawback of cross-validationisthat it is computationally expensive when
the data set contains many subjects. One can also estimate the expected predic-
tive log-likelihood by the sum of the log-likelihood and the trace of the matrix
A that mapsy on the estimator icss = Ay (Hastieand Tibshirani [1990] p. 52,
Green and Silverman [1994] p. 37). This estimator, named Mallow’s C,,, is
cheap and unbiased if the (co)variance parameters o2 and & are known. For
uncorrelated data, the unbiasedness proof is provided by Hastie and Tibshirani

DRAFT May 5, 2003, 2:31pm DRAFT



Diagnostic checks for multilevel models 27

[1990], p. 48. The proof inthe case of multilevel dataisanalogous. In practice,
o2 and & are unknown and have to be replaced by estimators 52 and . A pos-

sible choicefor 62 and € isthe REML estimator in amodel without smoothing
(A = 0). This estimator is cheap and consistent also when the true model is
defined by a smooth function f(z).

A drawback of the above methods is that A is not treated as a model pa-
rameter but as an external variable. This complicates the inference about the
(co)variance parameters €. The smoothing parameter becomes amodel param-
eter if weadopt the Bayesian model of Wahba[1983]. We can now estimate A by
maximizing thelikelihood with respect to o2 and £ and X\ [Wahba, 1985], Zhang
et al. [1998] after having integrated out the other model parameters. An attrac-
tivefeature of this so-called generalized maximum likelihood (GML) method is
that the maximizers 62, € and \ arethe REML estimators of the crossed effects
model. Therefore, if we estimate the parameters of the crossed effects model
by means of RIGL Simplementedin MLwiN [Goldstein et al., 1998], we obtain
penalized maximum likelihood estimates for the model parametersand aGML
estimate for the smoothing parameter.

9. Example: Effect of IQ on a language test

We fitted the three different functions that were discussed so far, i.e., the
polynomia function, the regression spline function, and the cubic smoothing
spline function, to areal data set. The estimations were done using MLwiN
[Goldstein et al., 1998] and Gauss [Systems, 1994]. The data set used is de-
scribed in Snijders and Bosker [1999]. It contains language test scores of 2287
pupils within 131 elementary schools. We modeled the test score (Y) as a
function of the centered | Q of the pupil (I Q), the gender of the pupil (SEX), the
school average of 1Q (I' Q), and the social economic status (SES) of the pupil.
A non-linear effect was assumed for | Q and linear effects were assumed for
the other predictors. Note that in most applications of models with functional
non-linear effects, some time variable is the ordering principle but an ordering
according to any other unidimensional variable is possible aswell. We further
accounted for between-school differences by including arandom intercept and
arandom slope of | Qat level two. Finally, the level one measurement errors
are assumed to be homoskedastic and uncorrelated. The model can be written
as
y.. = f(1 Q)+ B1SES;; + B2 SEX;j + B3 T Q; + dg; + 9151 Qj + ¢ -

1)

We present the fit of three different functions f (1 Q) in Figure 4.3. Thefirst
functionisacubic polynomial. (Wealso considered afourth-degree polynomial
but this did not yield a further improvement in fit.) The second function is a
guadratic regression spline with a knot at zero. This function was considered
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Figure 4.3. Language test score (y) against centered | Q score: raw data, cubic polynomial
estimate (thin), quadratic regression spline estimate (dashed), and smoothing spline estimate
(bold).

by Snijdersand Bosker [1999], p. 113 asaflexible and parsimoniousalternative
for the polynomia function. The third function is a cubic smoathing spline,
the smoothness of which is determined by applying the GML method. (Cross-
validation, Mallows C),, and GML rendered similar values for the smoothing
parameter: AgmL = 1.6, A\cp, = 1.6, A\cv = 2.0.) We see that the three fitted
functionstell the same story: the effect of | Qon Y islarger in the middle than
in the tails of the distribution of | Q The smoothing spline performs dightly
better than the other two functions since it is monotonically increasing whereas
the polynomial function and the regression spline are decreasing at low and
high valuesof | Q

We also estimated the pointwi se standard errors of thefitted functions. These
arepresentedin Figure4.4. We seethat the standard errorsof thefitted functions
are very similar. Data are sparse at the left and right ends of the window
(Figure 4.4) and the standard errors are large there compared to the middle part.
We further see that the Bayesian standard error of the cubic cmoothing spline
estimateisdlightly larger than itsfrequentist counterpart which isin accordance
with (4.35) and (4.36) [Zhang et a., 1998].

10. Generalizations

We only considered atwo-level model for normal responses. The model can
be generalized to amodel with morethan two levelsor amodel with non-normal
responsesin the sameway as multilevel modelswithout afunctional effect. We
can al so specify amodel with two functional effects, f(x) and g(v), wherex and
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Figure 4.4. Standard errors of the cubic polynomial estimate (open circle) and the quadratic
regression spline estimate (closed circle), and Bayesian (bold line) and frequentist (thin line)
standard errors of the smoothing spline estimate.

v areunderlying variables. Thismodel is nhamed an additive model and was put
forward by Hastie and Tibshirani [1990]. Algorithms for estimating additive
multilevel modelswith cubic smoothing splines are provided by Lin and Zhang
[1999]. A related but slightly different model isamodel with functional effects
f(z)and g(x)h(x), where g(x) isthe functional effect of predictor h(z). This
model is known as a varying coefficient model [Hastie and Tibshirani, 1993].
A multilevel extension of the model is presented by Hoover et al. [1998]. The
additive and varying coefficient models can be formulated as crossed effects
model swith a separate crossed effect for each functional effect. The estimation
can be done in MLwWiN but becomes demanding if we have many functional
effects. For varying coefficient models, lessdemanding estimatorsare avail able
(Fan and Zhang [2000], Chiang et al. [2001]).

So far, we only discussed functional effectsin the fixed part of the model but
the random part of the model may contain functional effectsaswell. Multilevel
model swith polynomial random effectsarediscussed by Goldstein[1986], Bryk
and Raudenbush [1987], and Snijders [1996]. Rice and Wu [2001] present a
multilevel model where the design matrix of the random effectsis a set of B-
spline basis functions. James et al. [2000] present a similar model where the
design matrix of the random effects consists of B-splines rather than B-spline
basis functions. Note that B-splines are linear combinations of B-spline basis
functions. Riceand Silverman [1991] propose amodel where the design matrix
consists of cubic smoothing splines. Their model is applicable only when the
points at which measurements are taken are common to al level two units.
Berkhof and Snijders [2002a] propose an extension of the model of Rice and
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Silverman [1991] that allows for missing data. Finally, Brumback and Rice
[1998] and Guo [2002] present models where the design matrix consists of
natura cubic spline basis functions.

The above model swith splinesin the random part can be classified according
to the dimensionality of the covariance matrix. The models of Brumback and
Rice [1998], Rice and Wu [2001], and Guo [2002] have a high-dimensional
level two covariance matrix whereas the dimension of the covariance matrix
is usually not larger than five for the models of Rice and Silverman [1991],
James et al. [2000], and Berkhof and Snijders [2002a]. The latter models can
be regarded as principal component models where the splines in the random
part describe the main sources of variation among the individua curves.
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